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1. Introduction

Rotating disks are widely used as key components in many structural and machinery applications, such as the
computer hard disk drives, CD and DVD drivers, the turbine rotors, the circular saws, the disk brakes and clutches
for automobile. In practice, the rotating disks are often heated due to friction, driving motor, and other factors.
Thermal stresses are induced in the heated disk, which may cause the variation of disk dynamic responses and even
result in the thermo-elastic instability. Therefore, the dynamics of a rotating flexible heated disk is a topic of great
interest.

There have been some investigations on this topic. Neglecting the temperature distribution along disk thickness,
Nieh and Mote [1] studied the vibration and stability of a thermally stressed rotating annular thin disk with an analytical
heat transfer model using experimentally measured temperatures at two disk radii as the input of model computation.
Under the same negligibility assumption, Mote and Rahimi [2] merged the thermal stresses induced by an axisymmetric
temperature distribution into the disk membrane stresses, and presented a system for real-time control of the
transverse vibration of a rotating annular thin disk, based on a thermal stressing technique and dynamic system
identification. Ghosh [3] investigated the thermal effect on the transverse vibration of a high speed rotating anisotropic
solid thin disk in a steady state heat conduction induced by a temperature increment of the disk center, where the
disk stiffness (flexural rigidity) was considered to be negligible, and the disk top and bottom surfaces were assumed
as insulated boundaries. In Saniei and Luo [4], the natural frequencies and responses for the thermally induced nonlinear
free vibration of heated rotating annular disks were presented analytically through an experimentally obtained
radial temperature distribution by using local heat transfer measurement data. For automotive disk brakes or clutches,
Krempaszky and Lippmann [5] developed a model to estimate the onset of frictionally excited thermo-elastic instabilities
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Nomenclature z disk thickness direction
o coefficient of linear thermal expansion

a disk outer radius Cee Dirac delta function
b disk inner radius ¢ dimensionless disk rotating angular speed
cy specific heat at constant volume Cor disk critical angular speed
Cr the term of thermo-elastic coupling ot critical angular speed of the disk mode (m,n)
conj(e) operator for complex conjugate 0 disk circumferential direction
diag[e] operator for diagonal matrix o disk temperature increment
E Young’s modulus Op temperature increment of the shaft
g centrifugal stress Op/™"  shaft critical temperature increment
h disk thickness ) eigenvalue of the quadratic eigenvalue pro-
hy convective heat transfer coefficient blem
lo temperature increment integral v Poisson’s ratio
[,Kn the modified Bessel functions Enéo membrane stress resultants of disk tempera-
JnYn Bessel functions ture increment
k thermal conductivity P mass per unit volume of the disk
m numbers of nodal circle 01,00 membrane stress resultants of disk rotation
n numbers of nodal diameter P stress function
DPmn imaginary part of the eigenvalue $ ) eigenvalue of the self-adjoint eigenvalue pro-
Am.n real part of the eigenvalue 9 blem
r disk radial direction Smn eigenvalue 9 of the disk mode (m,n)
Sn instability coefficient ¥ disk thermal stress
T disk temperature distribution Yy the homogenous solution of ¥
Tp shaft temperature Yy the non-homogenous solution of ¥
To disk initial stress-free temperature, i.e. the @ disk rotating angular speed

ambient temperature Qun natural frequency of the disk mode (m,n) for a
w disk transverse deflection stationary disk
Xm.n deflection of the disk mode (m,n)

of annular thin disks under thermal pre-stress by assuming the frictional feedback heat flow in disk thickness
direction only and considering that the frictional contact induces a radially linear stationary temperature distribution.
Under the assumption that the disk vibration deflection was a function of disk radial coordinate only, Nayfeh
and Faris [6] considered the problem of large-amplitude vibrations of a simply supported non-rotating solid disk subjected
to harmonically varying temperature fields arising from an external heat flux, where the temperature distribution
was determined from the radial heat conduction equation subjected to a constant temperature at the disk outer edge.
Sun and Tohmyoh [7] considered the thermal conduction along disk thickness only and the insulated disk upper and
lower surfaces, established and solved the governing equations of coupled thermo-elastic problems for axisymmetric out-
of-plane vibration of non-rotating solid disk. Furthermore, Sun and Tohmyoh [7] used the same assumption of disk
deflection in a function of disk radial coordinate as Nayfeh and Faris [6], that is only the axisymmetric disk modes
possessing zero nodal diameters were considered in these two works. Using the steady-state heat conduction equation
neglecting the temperature distribution along disk thickness and under constant temperatures at inner and outer rims of
the disk, Arafat et al. [8] considered the behavior of non-rotating annular disks with clamped-clamped immovable
boundary conditions and subjected to axisymmetric in-plane thermal loads. It was found that the thermo-elastic
instability for a disk mode possessing non-zero nodal diameters also occurs in the heated disk. Differently from the above
works considering the transverse deflection of heated thin disk, the radial displacement was analyzed for thick disks in
Kordkheili and Naghdabadi [9], Vivio and Vullo [10] and Vullo and Vivio [11]. A semi-analytical thermo-elasticity solution
for hollow and solid rotating axisymmetric disks made of functionally graded materials was presented in Kordkheili and
Naghdabadi [9], in which the temperature distribution was solved via the steady state heat transfer equation through the
radius direction of the disk subjected to the specified temperatures at inner and outer sides of the disk. Featuring the
temperature distribution along disk radius expressed by the polynomial relation, Vivio and Vullo [10] and Vullo and Vivio
[11] discussed the analytical procedure for the evaluation of elastic stresses and strains in linear and nonlinear variable
thickness rotating disks, either solid or annular, subjected to thermal load, and having a fictitious density variation along
the radius.

In this paper, a rotating flexible annular thin disk subjected to the temperature increment of the shaft clamping the disk
is developed under the assumption that the disk transverse deflection is a function of both disk radial and circumferential
coordinates. At the disk top and bottom surfaces and free outer edge, the heat convection boundaries are assumed. The
temperature distribution along the disk thickness and radial directions is considered simultaneously. Natural frequencies,
thermo-elastic instability and critical angular speeds of the disk are all determined and discussed.
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2. Description of model and boundary conditions

A flexible annular disk clamped at inner radius b and free at outer radius a rotates at a constant angular speed 2, and the
disk thickness h is very small compared with the outer radius. Due to the heat generation of electromagnetic induction in
the driving motor and friction in the support bearings, the temperature increment of the shaft (spindle) clamping the disk
may be induced inevitably, then disk temperature increases due to the heat conduction between shaft and disk. The
temperature increment of the disk is denoted as ®=T—T,. From Nayfeh [12] and Awrejcewicz et al. [13], including thermal
stresses induced by the temperature increment @, the governing equation of the rotating flexible thin disk can be
established in the polar coordinates (r,0) fixed on the ground

2w Pw L, Pw ER®  _, s (T ow\ Exr of (M2
ph<¥+2gm+g el +mv w+ phQ r(iv W+E>+EV 7h/2@ZdZ

_Pw o 3o (v, *w 52_¢_2 Fw  ow [ Fo o0 1
Toor2 \ror | 2 50% ror ' r2p02) or? roro0 r2a0)\roro0 1200
where V*=V2V? is a biharmonic differential operator, V2 = (82 /ar2) +(8/r or)+ (6 /r? 80°).
The boundary conditions of transverse deflection w at the clamped edge r=b of the disk are
er:b:O, aW/ar|,-:b=0 (2)

Since the bending moment and shear force in the disk vanish at the free edge r=a, the boundary conditions are

Pw ow  Pw 120 +vyar [ 2

er v <r3r T 692) W J P
8 —n 1-v & fow w\ 12 +v)ar o [ 2
L%(V W)+ TT@? <§*7) + Ta . 7’1/2@Zdz

From Nayfeh [12], Nowinski [14] and Awrejcewicz et al. [13], the equation of disk deformation continuity can be
modeled as

r=a=0 (3)

-h/2
VA® = 2(1-v)phQ? —Ear V2 ( m@ dz) (4)

At the clamped edge r=b and free edge r=a, the boundary conditions of the stress function @ can be written as

P obp  FP\ 1 22 h/2
{mz—v <r6r+ 2 602>—2(1—v)ph9 r“+Eor 7h/2@dz

r=b=0,

0 o 14v & [0d @ 5 0 hy2 B

{ar(v )+ R <577> —(1-v)phQ r+EocT§ ' 41/20 dz |||;=p=0 (5)
o 1829 1 2.3 &P 109
(ar“LFa_@z_jthr r=a=0 \Fa0ra0)|-2=0 ®

From Cho and Ahn [15] and Sun and Tohmyoh [7], the governing equation of disk heat conduction can be stated as
00 00 2 e

where Cr = EarTo(2u—1)"12[a(V?w) /6t + Qa(V>w) /80).
The shaft temperature is specified as a constant Tp at the clamped edge r=b of the disk, and then the boundary condition is
Ol,_py=06p (8)

where Op=Tp— TQ.
At the free edge r=a and the top z=h/2 and bottom z= —h/2 surfaces of disk, the convection boundary conditions are

assumed
00
<hT@ + k§>

00
z:h/zzo. <hT@_kE)

r:a:O (9)

1[C)
<hT@+kE> z:—h/2:0 (10)
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3. Solution procedure of the temperature field

As indicated in Refs. [6,8,13-15], the thermo-elastic coupling term Crin Eq. (7) is negligible for the thin disk. Since the
disk and its boundary conditions are all axisymmetric, the temperature increment @ is independent of the disk
circumferential coordinate 0. Then for the disk in steady state heat conduction, the heat conduction equation Eq. (7)
reduces to

PO 00 PO
a7 Yotz =0 (an

From Appendix A, the temperature increment ©(r,z) can be obtained as
oS) f—
O(r2)=0Op » _ Ry(r) cos(wsz) (12)
s=1

where Ry(1) = B[P lo(sr)—e2Ko(s)]/[e2Io(wsh)— Ko (wsh)], and V2R = E; +11R, = ?R;.
Furthermore, integrating ©(r,z) along disk thickness yields a temperature increment integral
h/2 0 -
lo(r)= Odz=0p Y 207 'Ry(r)sin(wsh/2) (13)
h/2

s=1

where Ig(b)=©®ph.
Nevertheless, as indicated in Appendix A, the symmetry condition @(r,—z)=0(r,z) always results in

4. Solution procedure of the stress function

From Nayfeh [12], the stress function @ in Eq. (4) can be expressed as
& =g(r)+¥PT,0,t) (15)
With Eq. (15), Egs. (4)-(6) can be rewritten as

V4 Y= —ErxTV219

v (rev a@w) o0 (16)
or? ror 2 ap? 7o ||jr=>b=

0 2 1+v &> [6F ¥ olo _

oY 182V >’V 1a¥

(EJF?W)”‘:O‘ <M—FW> r=a=0 (18)

Solution of thermal stress ¥ can be expressed as the summation of a homogenous solution and a non-homogenous one
Y=¥Yyu+W%yN (19)

Appendices B and C present the formula derivations of ¥ and Wy, respectively. As a result, ¥ can be written as

¥ = —EarOpQ(r) (20)
where
197 R o(b)—vb~'R'o(b) ' [R(b) /s
r? R o(b)+b~'R o(b)—b~2R/o(b) R.(b)/ws
00 . Inr R'o(a) 0
Q(r) = Z 2 sm(wsh/Z) r2 Inr R/O(a)_a—lRo(a) 0

s=1

o0 a_
+ Z ws"/;«,f‘osm'o(ﬂ/m,or)dm,o/b Rs(r)sm,o(ym,or)dm,or dr
m=0
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5. Solution procedure of the disk deflection
Substituting Eqgs. (14), (15) and (20) into Eq. (1) yields

ow Pw W Eh3 4 5,210 ow\ 190 ow
f’*’(aﬂ“‘)amem P )i V@ [ (o )+ g (o0 )

10 ow 10 ow
+Eor®p {F& <T5r§> +1’72@ <50@>} =0 (21)
where g, and g are the radial and circumferential membrane stress resultants of disk rotation in Nayfeh [12], ,=Q’/r and

£yp=Q" are the ones of disk temperature increment.
The boundary conditions Eq. (3) reduce to

ow ow  w 0 o 1-v & /ow w
o) o B G ()] e )
Solution of Eq. (21) can be assumed as
w= Z Z eineBm,n(Km,nr)cm,nxm,n (23)

m=0n=—oo

where X, _n=conj(Xm.n); Bmn(ma?) =Jn(Kmal)  Yn(Kma?)  In(Kma?) Kn(Kma?)], cpn=[¢1 €2 €3 €417, and By, (Kimal)
Cmn=Bm,_n(Km,_nT)Cm,_n; Kmn and ¢, , can be determined by the self-adjoint eigenvalue problem corresponding to the boundary
conditions Egs. (2) and (22). Orthonormality condition for the radial mode shape By, n(Kmnl)Cmn 1S

a
/b B, n(K<m, n7)Cmy nBimy n(Kimy,n ) Cmy ] AT = dmy m, (24)

From Galerkin’s method, substituting Eqgs. (20) and (23) into Eq. (21), multiplying Eq. (21) by e =By, (Kl )Cmn fOr
m=0,1,...,N,, and integrating both sides over the disk area yield an ordinary differential equation for n nodal diameters as

X +i2nQ%n + (Sn—0rOpRy + Q°Ly—1n2Q%DX, = 0 (25)

where X, =[.-- Xmn ...]", see Appendix D for matrices I, S, L, and R,,.
The dimensionless variables are related to their dimensional counterparts by the following expressions:

T= QO,Otv Q= CQO,O' K, = Sn/Qé'o, T, = O(TRn/Qg'o (26)

where the natural frequency g0 of disk mode (0,0) can be found in Appendix D.
Eq. (25) becomes

d*x,/de2 +i2n dX, /dt+ Ky—OpTy+ 2Ly —n2*Dx, = 0 (27)
The homogenous solution of Eq. (27) can be assumed as
X, =e’A, (28)

Substituting Eq. (28) into Eq. (27) yields a quadratic eigenvalue problem
221+ AG0208D) + Ky — O pTa + Ly —n2 DA, = 0 (29)

The imaginary part of the eigenvalue A is the system natural frequency, and the real part can be used to analyze system
stability, that is if any eigenvalue A possesses a positive real part, the corresponding basic solution is unbounded as t— oo
and the solution is unstable, i.e. thermo-elastic instability.

Let
A=9-inl (30)
Substituting Eq. (30) into Eq. (29) yields a self-adjoint eigenvalue problem
[91+ (Kn—OpTy + *Ly)JAy =0 (B1)

The natural frequency in the frame fixed on the disk is determined by p,, ,=Im 9y, . Let ¢ n=Re 3, », then equilibrium of
the flexible disk is unstable when any Re A=q,,, > 0. Furthermore, an instability coefficient is introduced as

Sn = Max(qm,n) (32)

Therefore, the equilibrium is unstable when s, > 0, and the equilibrium is stable when s, <0.
When the disk rotates at a critical angular speed, large amplitude transverse vibration occurs [1]. The critical angular
speed (. of the disk can be obtained by a self-adjoint eigenvalue problem yielded from Eq. (29) with A=0,

[(Kn—OpTy)—L2.(n*1-Ln)]A, = 0 (33)
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6. Numerical results and discussions

In the following numerical analysis, default parameters of the disk are selected as: E=200 GPa, p=7840kgm 3, v=0.3;
o7=12 x 107K, k=60 W/(mK), hy=60 W/(m?K), hy/k=1m~'; a=100 mm, b=20 mm, h=1 mm, unless otherwise stated.

The temperature increment @p of the shaft (spindle) clamping the disk causes the disk temperature increment @ due to
the heat conduction between the shaft and the disk. The distribution of disk temperature increment is subjected to the heat
convection boundaries at the disk top and bottom surfaces and free outer edge. Determined from the distribution, the radial
distributions of the temperature increment integral I and the thermal stresses ¥y, ¥y and ¥ are illustrated in Fig. 1(a)-(d),
respectively. Io(r)/h/®p is employed for the normalization of the temperature increment integral I in Fig. 1(a), where Ig(b)/
h/®@p=1, Yy/Op, ¥n/Op and ¥/Op are for those of the thermal stresses in Fig. 1(b)-(d). Since the heat convection on disk
surfaces, the temperature increment integral I drops dramatically along disk radial direction, as shown in Fig. 1(a). The
integral I in the case h=1mm and h/k=1m~! is always larger than in the case h=1 mm and h;/k=3 m~!, whereas smaller
than in the case h=1.2mm and hy/k=1m~". In other words, the decrease of disk thickness h and the increase of the ratio
hr/k of the convective heat transfer coefficient to the thermal conductivity exacerbate the dropping of the disk temperature
increment along disk radial direction. As indicated in Egs. (16)-(18), the disk thermal stress ¥ is deduced by the
temperature increment integral I, and ¥=%y+ ¥y, where the homogenous solution ¥y is induced by the temperature
increment integral I and its derivative dlg/0r at the clamped edge r=b, and the non-homogenous one ¥y is induced by

V2Ig. As shown in Figs. 1(b) and (c), ¥y is positive and decreases consistently towards vanishing along disk radial direction,
whereas Yy is negative and increases towards vanishing. As a result, along disk radial direction, the thermal stress ¥ is
positive, and firstly increases slightly and arrives at the maximum value ¥,.x around the disk clamping edge, then
decreases towards vanishing, as illustrated in Fig. 1(d). The radial position r* corresponding to the maximum thermal stress
Ymax can be determined by d¥/dr=0 from Eq. (20). With Egs. (11) and (13), one has VZlp= "[,'1’//22 VO dz=

— lr’;//zz &0 /oz2dz in Egs. (16) and (C.1), thus the distribution of temperature increment @ along disk thickness
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Fig. 1. Radial distributions of the temperature increment integral and the thermal stresses of the disk: (a) the temperature increment integral, (b) the
homogenous solution of thermal stress, (c) the non-homogenous solution of thermal stress, and (d) the thermal stress. (——) h=1mm, hy/k=1m™";
(- - +)h=1mm, hy/k=3m~1; and (- - =) h=1.2mm, hy/k=1m~ 1.
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Fig. 2. Radial distribution of V?Ie. See Fig. 1 for figure key of lines.

ze[—h/2,h/2] causes Wy. As illustrated in Fig. 2, Vg is zero at the clamped edge r=b due to the constant temperature

increment @p, along disk thickness. Along disk radial direction, VI firstly increases as a result of the remarkable changes
of ® along disk thickness for the heat convection on disk surfaces, and then decreases gradually because the heat convection
becomes weaker with the dropping of @. Since the distribution of temperature increment along disk thickness is involved in
this paper and ¥ is the combination of the increasing ¥y and the decreasing ¥y, a maximum thermal stress ¥,a.x could
occur. Moreover, thermal stress ¥ increases with the increase of disk thickness h and the decrease of ratio hy/k in Fig. 1(d).

Fig. 3 illustrates effects of the shaft temperature increment @, on the real and imaginary parts of the eigenvalues for a
non-rotating disk. The imaginary part p,, , is the natural frequency in the frame fixed on the disk. With the increase of ®p,
some natural frequencies p,, , decrease, such as poo and pg 1, but others increase, such as pg» and pg 3. The decreasing pm
vanishes for large enough @p, such as pop and po; in Fig. 3(a) and (c) separately. However, g, is always zero for @p
resulting in non-zero p,,, whereas @p with vanishing p,,, induces non-zero ¢, ,. The minimum value of ®p inducing
Pmn=0 or the maximum one inducing g, ,=0 is defined as the shaft critical temperature increment @}". pm, and qmn
vanish simultaneously at @F", as illustrated in Fig. 3(a)-(d). From Eq. (32), any shaft temperature increment larger than

OF" will cause non-zero ¢m, and s,>0, then thermo-elastic instability of the heated disk occurs. Furthermore,
substituting 3, n=qmn+ipmn=0 into Eq. (31) yields a self-adjoint eigenvalue problem (K,—©®pT, +%L)A, =0, and O can
be determined from it. When @p> @F", the value of non-zero g, increases consistently for increasing @p, that is
thermo-elastic instability becomes more severe. In addition, the disk with larger thickness h holds higher natural
frequency pm.n, smaller g, , and larger ©F.". Therefore, thick disk is beneficial to suppress the thermo-elastic instability.

As indicated in Fig. 3, the variation of natural frequency p,, is distinct for the disk modes possessing different nodal circles and
diameters, such as po1, po2 and p;,. For a non-rotating disk {=0, Table 1 presents the increase/decrease trend of p,,, as @p
increases for different disk mode (m,n), disk thickness h and the ratio h/k. Furthermore, there is a shaft critical temperature
increment O only for the disk mode with the decrease trend of p,y, .. For the disk with h=1mm and h;/k=1m~" (Case I) or
h=1.2mm and h/k=1m™" (Case III), the decrease trend happens when m=0 and n<1, m=1 and n< 3, m=2 and n <6; but for
h=1mm and h;/k=3m~" (Case II), it happens when m=0 and n< 1, m=1 and n <2, m=2 and n < 4. Thus, the disk thickness h
does not affect the increase/decrease trend of p,, ,, i.e. the existence of @p/™" and thermo-elastic instability for a disk mode (m,n)
is not related to the disk thickness. However, the existence extends to the disk modes possessing larger nodal diameters n with the
increase of m and the decrease of the ratio hy/k. Table 1 also indicates value sorting of p, , for the three Cases I-IIl. By comparing
Case [ with Case III, larger disk thickness increases the value of p,, , for any disk mode. Nevertheless, the comparison of Cases I and
II indicates that, increasing the ratio hy/k, the value of p,,, increases when m=0 and n<1, m=1 and n<5, m=2 and n< 10 (at
least), and the decrease trend of p,,, , for disk modes (1,3), (2,5) and (2,6) in Case I becomes the increase trend in Case II. The effects
of ratio hr/k can be interpreted as the decrease of disk thermal stress, as indicated in Fig. 1(d). In addition, since the ratio hy/k is
merged into @pT,(hr/k) in Eq. (31), the increase of @p promotes the effects of hr/k on p,, »,, and there is no effect when ©p=0, as
illustrated in Fig. 3(a), (c), (e) and (f). Therefore, a larger ratio hy/k can suppress or even avoid the thermo-elastic instability.
Because the natural frequency p,,, and shaft critical temperature increment @p™" of disk mode m > 1 are much larger than
those of m=0, as shown in Fig. 3, only the disk modes possessing zero nodal circle m=0 are involved in following analysis.

With Eq. (21), potential energies produced by disk membrane stresses of disk rotation and temperature increment can
be written as

ra p2m
Vy = % / / [(©Q%pha? e, )@w/ar) +(Q* pha®ay)(©ow/60 /1) ]r dr dO (34)
b JO

a p2m
Ve= %/b /o [(—OpEaré ) (@ew/or)? +(—OpEaréy)ow/a0 /r)?1r dr df (35)
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Fig. 3. Effects of the shaft temperature increment on the eigenvalues. {=0: (a) and (b) n=0; (c) and (d) n=1; (e) n=2; and (f) n=3. See Fig. 1 for figure key
of lines.

where radial distributions of the membrane stress coefficients are illustrated in Fig. 4(a)-(d). From Fig. 4(a), the centrifugal
membrane stresses Q?phac, and Q?pha’c, due to disk rotation are all always positive, then their mechanical work V, is
positive, thus they could increase the stiffness of the disk and result in a global positive effect on all natural frequencies
[1,2]. The membrane stress resultants &, and &, in Eq. (21) also can be expressed as &.=&H+&N and & =&)+EN
corresponding to the homogenous and non-homogenous solutions of thermal stress ¥'=%¥y+ ¥y. Fig. 4(b) and (c) present
the radial distributions of homogenous and non-homogenous membrane stresses — @pEoré,”, —O@pEaréyt and
— OpEaréN, —OpEarégN of disk temperature increment, respectively. Along disk radial direction, — @ pEaré, M is always
negative, whereas — OpEaEN is positive; — OpEaré, changes from negative to positive, whereas — OpEaré,N from
positive to negative. As a result, (— @pEaré,)=(— @pEoré,H)+(— OpEaré,N) changes from positive to negative, whereas
(— OpEaég)=(— OpEarés!)+(— OpEarésN) from negative to positive in Fig. 4(d). Due to the sign change of membrane
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Table 1
The increase/decrease trend of natural frequency with the increase of shaft temperature increment for a non-rotating disk.
Pmn n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10
m=0 P RIS \,C ~PB ~B ~B ~B ~.B ~B ~.B ~B 2B
- ~,B¢ \,B ~,C ~,C e ~,C ~,C e ~,C ~,C ~,C
e ~AC A A ~A A ~A A ~A A ~A A
m=1 1 N,C N,C N,C N,C »,C 2,C -] 2B ~,B ~,B ~,B
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Fig. 4. Radial distributions of disk membrane stress coefficients: (a) the ones of disk rotation, (b) the homogenous ones of disk temperature increment,
(c¢) the non-homogenous ones of disk temperature increment, and (d) the ones of disk temperature increment. See Fig. 1 for figure key of lines.

stresses — @pEaré, and — @pEaréy along disk radial direction, they could not have a global negative or positive effect on all
natural frequencies depending on the given disk mode (m,n), as indicated in Fig. 3 and Table 1. A similar phenomenon also
can be found in Mote and Rahimi [2].

Effects of the disk rotating speed { on real and imaginary parts of the eigenvalues are illustrated in Fig. 5. From
Fig. 5(a)-(d), large enough @ causes poo,po.1 Vanishing at low speed ( of disk rotation, and then pg,po 1 increase when ( is
larger than a critical value {s.%°,(s.>! where poo.po.1=0 and qo0,qo.1=0 simultaneously. Correspondingly, the real parts
Go.0.Jo1 are non-zero when {<{s.>°(s.>!, and then qg0,qo1 vanish when { > {s.%°,(s.>!. Therefore, due to the centrifugal
stress g(r) induced by the disk rotation, the larger disk rotating speed { can suppress or even avoid the thermo-elastic
instability. As shown in Fig. 3(b), (d) and 5(b), (d), the values of non-zero qoo are much larger than that of qo, that is the
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Fig. 5. Effects of the disk rotating speed on the eigenvalues: (a) and (b) m=0, n=0; (c) and (d) m=0, n=1; (e) m=0, n=2; and (f) m=0,n=3. (®) Op=0°C;
(M) ©®p=150°C; and (A) ©®p=300°C. See Fig. 1 for figure key of lines.

thermo-elastic instability of disk mode (0,0) is much more dangerous than that of (0,1). However, the natural frequencies
Po2,Po,3 increase consistently for increasing disk rotating speed (, as shown in Fig. 5(e) and (f). As a result, the zero po2,po3
and non-zero (o 2,03 cannot appear, then the thermo-elastic instability is absent for the disk modes (0,2) and (0,3). As
illustrated in Fig. 5, with the increase of disk thickness h, pgo,po.1 and po2,po 3 increase, but go,g0,1 decrease. Furthermore,
the larger ratio hy/k increases po 0,po,1 and decreases o 0,q0.1 and po2,Po 3. Nevertheless, po2,po,3 cannot vanish, because the
shaft temperature increment ®p not only determines the performances of hy/k, i.e. @pTs(hr/k) in Eq. (31), but also
increases po2,po3, as indicated in Fig. 3(e) and (f) and Table 1.

From Figs. 3(a)-(d) and 5(a)-(d), the shaft critical temperature increment ®p.™" appears when 9., n=qmn+ipm=0, and
then it can be determined by the self-adjoint eigenvalue problem (K,—@pTy+(’La)As =0. @p /™" varying with the disk
rotating speed ( is illustrated in Fig. 6(a) and (b) for the disk mode (0,0) and (0,1), respectively, i.e. the boundaries of
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Fig. 6. Parameter boundaries of thermo-elastic instability: (a) m=0, n=0; and (b) m=0, n=1. See Fig. 1 for figure key of lines.
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Fig. 7. Effects of the shaft temperature increment on the disk critical angular speed: (a) m=0, n=0; (b) m=0, n=1; (c) m=0, n=2; and (d) m=0, n=3. See
Fig. 1 for figure key of lines.

thermo-elastic instability are plotted in the {— @p parameter plane. The values of ®p ! are much larger than those of
Op2°, thus the thermo-elastic instability of disk mode (0,0) is more easily induced. Furthermore, ©®p2° and @,.>! increase
consistently with the increase of disk rotating speed {, the disk thickness h and ratio hr/k also increase them, as shown in
Fig. 6.

In Fig. 7, the effects of the shaft temperature increment @p on the disk critical angular speed (. are illustrated. From
Egs. (30) and (31), Am,» can be rewritten as qmn+i(pmn—n{). In Eq. (33), the value of (.. is determined from Eq. (29) under
the condition of 4,,,=0, i.e. ¢m,=0 and p;,,=n{. Nevertheless, the shaft critical temperature increment @p /™" appears
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when 3,,,=0, i.e. gm,=0 and p,, ,=0, as discussed in the above sections. Therefore, for the disk mode possessing zero nodal
diameter (n=0) only, which can cause n{=0, the boundaries of thermo-elastic instability in Fig. 6(a) are the same lines of
the disk critical angular speed (. varying with the shaft temperature increment @p in Fig. 7(a). For disk mode (0,0) and
(0,1), one has n?I-L, < 0 in Eq. (33) which always causes the absence [16] of critical angular speeds for a rotating free disk
without the thermal factor (©p=0), but there is (. if and only if K,—®pT, <0. Then Eq. (33) can be rewritten as
[(@DTn—Kn)—Cfr(Ln—nzl)]An =0, where @ has a negative effect on K,—®pT, and natural frequencies poo and po; as given
in Fig. 3 and Table 1, so that a large enough @, could result a positive effect on @pT,—K, and {,%°(,>!, as shown in Figs. 7
(a) and (b). For disk mode (0,2) and (0,3), one has n?I-L, > 0, there is {,, when K,—®pT, > 0, where @ has a positive effect
on K,—OpT, and natural frequencies po, and pos in Fig. 3 and Table 1, thus {,%2(,% increases in Fig. 7(c) and (d).
Furthermore, there are {%?(,2? at ®p=0, then (%2, increase with the increase of @, as illustrated in Fig. 7(c) and
(d). The larger disk thickness h decreases (,2%(,>! but increases {%2(~%3. Nevertheless, {,%%(,%" and (,%%(.%3
decrease as the ratio hy/k increases. Therefore, a small ratio hy/k is beneficial to increase the disk critical angular speed.

7. Conclusions

A rotating flexible annular disk subjected to the temperature increment of the shaft clamping the disk was modeled in
this paper. Natural frequencies, thermo-elastic instability and critical angular speed of the disk were determined and
discussed. The following conclusions can be drawn:

(1) Disk thermal stress induced by the shaft temperature increment increases for increasing disk thickness and decreasing
ratio of disk convective heat transfer coefficient to thermal conductivity.

(2) Thermo-elastic instability of the disk occurs when the natural frequency in the frame fixed on the disk of a disk mode
can decrease and vanish with the increase of shaft temperature increment.

(3) The thermo-elastic instability extends to the disk modes possessing larger nodal diameters with the increase of nodal
circle number and the decrease of ratio of disk convective heat transfer coefficient to thermal conductivity.

(4) The thermo-elastic instability can be suppressed or avoided by increasing ratio of disk convective heat transfer
coefficient to thermal conductivity, disk thickness and rotating angular speed.

(5) Disk critical angular speed increases as ratio of disk convective heat transfer coefficient to thermal conductivity
decreases and the shaft temperature increment increases.
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Appendix A. Formula derivations of the temperature increment @(r,z)

Using the method of separation variables, the solution of ©(r,z) can be assumed as

O(r,2) =Z(2)R(r) (A.1)
Substituting Eq. (A.1) into Eq. (11) yields (R"+R'[r)|R=—Z"|Z=w?, w > 0, thus
Z' +w?*Z=0 (A.2)
R +r 'R—w?R=0 (A.3)
Solution of Eq. (A.2) can be expressed as
Z = ¢ sin(wz) + ¢, cos(wz) (A4)

Substituting the solution Eq. (A.4) into Eq. (10) yields a self-adjoint eigenvalue problem

hr sin(wh/2)+kw cos(wh/2)  hy cos(wh/2)—kw sin(wh/2) ] [ ¢;
—hr sin(wh/2)—kw cos(wh/2)  hr cos(wh/2)—kw sin(wh/2) | | ¢, | ~ 0 (A.5)
When the matrix determinant of Eq. (A.5) vanishes, w can be determined from
wsh+2tan~!(kws/hr) = (2s—1)m with ¢; =0 and ¢; =1 (A.6)

wsh+2tan~!(kws/hy) =2sm with ¢;=1 and ¢; =0 (A7)



3562 Y.-C. Pei et al. / Journal of Sound and Vibration 329 (2010) 3550-3564

where s=1,2,.... Since the temperature increment @p considered is symmetric with respect to z=0, @(r,—z)=0O(r,z) yields
c1=0in Eq. (A.4), i.e. Z=c, cos(wz), then ws solved from Eq. (A.7) with c;=0 is meaningless.
Solution of Eq. (A.3) can be expressed as

Rs = bslo(wst)+ dsKo(wsr) (A.8)
Substituting Eq. (A.8) into the boundary condition Eq. (9) yields
ds = —&8hs /el (A.9)

where &%=hylo(wsa)+ wkl;(0sa), &2 =hKo(wsa)— wkK;(wa).
With Egs. (A.4) and (A.8), substituting Eq. (A.1) into the boundary condition Eq. (8) yields

O(bz)= ") cos(wsz)[edlo(wsh)—elKo(wsb)lbs /e = Op (A.10)
s=1
where b; can be solved by the least squares fitting method using cos(wsz) as the basis function
@Dggﬁs

= A1
* 7 gblg(wsh)—e¥Ko(wsh) ( )
-1
Psl=1" ’;]//icos(cas] z)cos(ws,z)dz - v[';‘,l//zzcos(a)sz) dz (A12)
where s1,5,=1,2,....
As a result,
_ . ePlo(wsr)—e2Ko(wsT)
Orz)=06p S; B Plo(esb)—eKo(w:b) €os(s2) (A13)
Appendix B. Formula derivations of the homogenous solution ¥y
The homogenous form of Egs. (16)-(18) can be written as
Vi, =0
Wy 16¥y 18*°¥Py (B.1)
|: a2 —U(r or +r7 20 +Earlg | |,—p=0
0 2 1+v & ¥y Yy olg .
0Py  18*°Wy _ PPy 10%y .
<ar R r=a=0 \5a0 730 )=~ (B3)
Solution of Eq. (B.1) can be assumed as
Py= > e"wlrn (B.4)
n=-oo
Substituting the solution Eq. (B.4) into Eq. (B.1) yields
oty 202 p e ren? s DY ot — a2t = o (B.5)
For n+0, the solution of ¥,/ can be expressed as
P = Ry(r)c!! (B.6)

where ¢l =[h; hy h3 hg]Tand Ry(n)=[r— r* r2-n p2+4n]

Since Ig(r) is not related to the disk circumferential coordinate 6, substituting Egs. (B.4) and (B.6) into the boundary
conditions Egs. (B.2) and (B.3) yields c,/=0.

Specially, when n=0, Eq. (B.5) becomes

oyl 2 3yt (B.7)

Substituting Eq. (B.4) into the second boundary condition in Eq. (B.3) yields in(¥,/" — ¥,//r)|;-4=0, but which always
vanishes when n=0, then only the solution of ¥, can be solved from Eq. (B.7) and its other boundary conditions
in Eqs. (B.2) and (B.3). However, (¥,/"—¥,"r),-4=0 is available to solve ¥,/(c,") for a non-zero n in Eq. (B.6).
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Similarly, (Wo'H — W5/r)|,-a=0 can be remained to solve ¥¥, and the remaining does not affect the solution of ¥y'*. Further,
solution of ¥4 can be solved as
H
Vo =Ro(r)cf (B.8)

where ¢ =[h1 hy hs h4]", and Ro(r)=[1 r2 Inr r2Inr].
By substituting Eq. (B.8) into the boundary conditions Eqgs. (B.2) and (B.3) with the remaining, c§ can determined as

” ’ -1 -—
Ry (b)—vb~'Ry(b) Rs(b)/ s
% 1R (h)_ph—2R’ B
ol = —Exr@p S 2sin(wsh/2) R o®)+b"RoB)=b"Ro(b) | | Ry(b)/eos (B.9)
s=1 Ro(a) 0
Ro(@)—a~"Ro(@) 0
As a result, the homogenous solution is obtained,
Yy=[1 r2 Inr r2Inr]cl (B.10)
Appendix C. Formula derivations of the non-homogenous solution ¥y
The non-homogenous form of Eqs. (16)—(18) can be written as
VW = —Ear Vg = —2EurOp Y wsRy(r)sin(wsh/2) (c.1)
s=1
PPy 16¥y 1*¥y _ o o 14v & (0¥ PN _
{ o2 ‘”<rar+rz ) [r=0 [ T (T | v (&2)
¥y  10°¥y _ PPy 10%n _
(ar v r=a=0 \ G50 730 )|=2=0 (€3)
The solution of & ¥y /ot2 + V* ¥y =0 can be expressed as
lPN = Z Z einesm,n(ym,nr)dm,ny%,n (C4)

where Y _nV=conj¥mn");  Sma@mal) = In@mal) YnOmal)  w@mal) Kn(ma"],  dma=[di d2 d3 d4]', and
Smn(Ymal ) mn=Sm, —n(Ym,—n")ldm _n. Ymn and d, , can be determined by the self-adjoint eigenvalue problem corresponding
to the boundary conditions Eqgs. (C.2) and (C.3).

From Galerkin’s method, substituting Eq. (C.4) into Eq. (C.1) yields an expression, multiplying the expression by
e M98, (ymn)dmn, and integrating it over the disk area yield y,, =0 when n=0. However, when n=0, employing the
same remaining in Appendix B to the second boundary condition in Eq. (C.3), ymo" can be solved as

o0 ra_
Woo=—Er@pypy 3 2005 sin(esh/2) /b Re(P)Sm0(modmor dr (C5)
s=1 -
As a result, the non-homogenous solution is obtained,
Pn= > Smo(Vmo"dmoYmo (C6)
m=0

Appendix D. Matrices for n nodal diameters

Stiffness matrix for n nodal diameters can be obtained as a diagonal matrix,
S,=diag[... @, ...] (D.1)
where Q= h;c,zn,n\/E/lz/p/(]—vz), and S,=S_,. Moreover, I is the identity matrix with the same size of S,.
The matrix induced by membrane stress resultants o,, gy of disk rotation can be expressed as

Loz | K oo (D:2)

n —a2cT a T B 2,-2gT n —kn = =
where ky, . =a’cy, o[y (0B p, 1B, o +0on°T?By (B, )1 drlCmy n, Kiy, i, = Ky iy M1,m2=0,1,...,Npp, and Ly=L_,.
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The matrix induced by thermal stress ¥ can be expressed as
Ri=|— Rhm - (D3)

where R}, . = (E/ph)c], 'n[j;’(f,B’,Tm,nB%Z'n +En2r2By, B, )T dri€m, o, R, . =RI and R;=R_,.

my,my’
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